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__________________________________________________________________________________________ 

Abstract: A general multi-scale framework for multi-component, multi-phase equilibrium flash 

calculations, which uses information at the molecular and bulk fluid length scales, is described. 

The multi-scale Gibbs–Helmholtz constrained (GHC) EOS approach of Lucia [1] is extended 

to include the use of (1) coarse grained NTP Monte Carlo simulations to gather pure 

component internal energies of departure, (2) a new linear mixing rule for internal energies of 

departure for mixtures, (3) a novel expression for partial fugacity coefficients for the GHC 

EOS, and (4) a novel flash algorithm that uses complex-valued compressibility factors and 

densities to assist in phase existence determination.Many numerical results for mixtures of 

CO2–water, NaCl–water, and CO2–NaCl–water are used to show that the GHC EOS flash 

approach is superior to all other approaches currently available. Many geometric illustrations 

are presented to elucidate key concepts and many experimental validations are used to 

substantiate claims of superiority.  

Key words: Gibbs–Helmholtz constrained cubic equation of state, Monte Carlo simulation, 
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__________________________________________________________________________________________ 

1.  INTRODUCTION 

The multi-component, multi-phase equilibrium flash problem is an important sub-problem in 

many chemical engineering applications. It is also important in sub-surface flow processes 

such as geological CO2 sequestration in saline aquifers, spent coal seams and oil wells [2], 

enhanced oil recovery[3] from shale and other sources, tracking contaminants in groundwater 

remediation, magmatic hydrothermal systems[4], and other geophysical applications. 

Conditions in these subsurface reservoirs can vary widely. Pressures can range from 

atmospheric pressure to 2000 bar, temperatures from 270 to 650 K, and salt concentrations can 

span a wide range of molalities. Thus reservoir conditions can have supercritical components 

or mixtures and the presence of salts (and brines) will induce either weak or strong electrolyte 

behavior.  
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This paper focuses on equation of state and multi-phase flash aspects relevant to modeling 

and simulation of subsurface flow processes. Accordingly, we show that the recently proposed 

multi-scale Gibbs–Helmholtz constrained (GHC) cubic EOS of Lucia [1], when coupled with a 

Gibbs free energy minimization flash approach for determining the correct number and types 

of phases and their respective compositions, can be used to accurately predict both phase 

densities and phase equilibrium in non-electrolyte and electrolyte mixtures at conditions found 

in reservoir simulations.  

2.  MOLECULAR MODELING 

In this section, details of the NTP Monte Carlo simulations used to model the molecular length 

scale are presented. In particular, we give the details of the force field models, force field 

parameters, force field mixing rules, simulation box sizes, etc. We show that small numbers of 

particles can be used in determining UDL by comparing results for different numbers of 

particles (i.e., 32, 108, 256 and 500 particles). Values of UDLfrom MC simulations for mixtures 

are compared to UDL calculated from the proposed linear mixing rule and show that reliable 

values of UDL can be computed from pure component properties alone. Results for pure CO2, 

pure water, NaCl + water, CO2 + water, and CO2 + NaCl + water are used to illustrate various 

factors that affect internal energies of departure.  

Fig. 1 shows the results of NTP MC simulations of water at 280 K and 300 bars for different 

numbers of particles, specifically 32, 108, 256 and 500 particles, using the TIP4P-Ew potential. 

Notice that there are insignificant differences in the equilibrated values of UD and that 32 

particles can be used for the MC simulations to provide reliable values of UD = UDL. Moreover, 

as we illustrate later in this article, bulk fluid phase computations using the GHC equation 

show that calculated liquid molar densities are relatively insensitive to the value ofUD. That is, 

variations in UD by as much as 13% result in only a 1% change in calculated phase densities. 

 

Fig. 1 Monte Carlo simulations for liquid water at 280 K and 300 bars using the TIP4P-Ew 

potential with varying numbers of particles. 

Fig. 2 ;  Fig. 3 show the pressure dependence of UD and the energy parameter, a, 

respectively for CO2 for isotherms from 270 K to 315 K using equally spaced, coarse-grained 
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(10) temperatures and (4) pressures over the ranges [270–315 K] and [1–300 bar]. In Fig. 2, the 

filled boxes represent NTP Monte Carlo simulation data points while the curves represent local 

linear interpolation of the data. Notice that all data points shown in Fig. 2 are above the critical 

pressure of carbon dioxide. Well below the critical temperature (304.2 K), the internal energy 

of departure, UD, shows only a weak dependence on pressure. However, for temperatures 

above the critical temperature, the pressure dependence of UD is strong, and UD varies 

significantly over the pressure range shown in the figure. For example, for the isotherm 315 K, 

the value of  varies by as much as 65% over the pressure range 75–300 bar.  

 

Fig. 2 Internal energies of departure for CO2 as a function of T and p. 

 

Fig. 3 GHC energy parameter vs. pressure for carbon dioxide. 

Fig. 3a shows that below the critical temperature, the pressure functionality of the energy 

parameter, a, is relatively flat and that (∂a/∂p) T is small and positive. These observations 

support the traditional approach used in all cubic equations of state (SRK, PSRK, etc.) where 

the energy parameter is assumed to be a function of T only and α-functions are used to capture 

this temperature dependence. On the other hand, Fig. 3b clearly shows that the pressure 

functionality of the energy parameter is significant in the critical and supercritical regions for 

CO2. Moreover, the value of the energy parameter in the supercritical region can vary widely 

(e.g., by as much as 13.5% from a nominal value of 3.7 × 106 cm6 bar/mol2 at the critical point). 

Far into the supercritical region, the effect of pressure on the energy parameter remains strong. 

NTP MC simulations for multi-component mixtures were conducted and show that NTP MC 

simulations of mixtures are unnecessary and can be effectively replaced by pure component 
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NTP simulations plus the linear mixing rule for UDL . Fig. 4 gives results for CO2–H2O with 

3 mol%, 50 mol%, and 97 mol% CO2. The temperatures and pressures for the MC simulation 

data plotted in Fig. 4 range from 275–295 K and 75–450 bar respectively.  

 

Fig. 4 Comparison of Liquid Mixture or CO2–H2O. 

Electrostatic effects (i.e., charge–charge, charge–dipole, dipole–dipole, quadrupole, etc.) in 

the multi-scale GHC EOS framework are incorporated by directly including them in the force 

field model in the NTP MC simulations using point charges in the evaluation of UDL. For 

example, the quadrupole for carbon dioxide is included in the force field model for pure 

CO2using single point charges – one on the carbon atom and one on each of the oxygen atoms. 

Weak or strong electrolyte mixtures, where ions are present in solution, are treated in a similar 

manner. Fig. 5 shows MC simulation results for NaCl–H2O at 273.15 K and 100 bar.  

 

Fig. 5 NTP Monte Carlo simulations for liquid NaCl–H2O at various molalities at 273.15 K and 

100 bar. 

Some readers might have concerns regarding the convergence of the NTP Monte Carlo 

simulations and the resulting accuracy of  for solute–solvent mixtures using a single solute 

molecule. Fig. 6 compares the use of 1 and 2 NaCl particles in solution to measure internal 

energies of departure for three separate mixtures of NaCl and water at different temperatures, 

pressures and molalities. All single solute particle NTP MC simulations are shown in black 

in Fig. 6 while the 2-solute particle simulations are shown in red, blue and green (For 
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interpretation of the references to color in the text, the reader is referred to the web version of 

the article.).  

 

Fig. 6 Single and 2-solute particle NTP Monte Carlo simulations for liquid NaCl–H2O 

mixtures at various conditions. 

Fig. 7 shows the sensitivity of the molar volume of liquid water at 273.15 K and 5.3 bar to 

values of the internal energy of departure. 

 

Fig. 7 Sensitivity of the liquid molar volume of H2O to UD at 273.15 K and 5.3 bar. 

Fig. 8shows the communication of information between the molecular and bulk fluid phase 

length scales. It should also be pointed out that, unlike other EOS, the GHC equation does not 

require binary interaction (kij) parameters, at least for the mixtures considered in this work. 

 

Fig. 8 Communication between molecular & bulk phase length scales. 
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Fig. 9 shows pure component values of UDL and UDV for carbon dioxide and water as well 

as values of UDL for a 3 molal solution of NaCl–water (which is treated as a pure component 

in the proposed multi-scale flash approach) as a function of temperature from 293.15 to 

533.15 K and 80 bar. I 

 

Fig. 9 Pure component liquid and vapor phase internal energies of departure for carbon dioxide, 

water, and a 3 molal solution of NaCl–water at 80 bar. 

Here we compare the GHC form of the Redlich–Kwong equation with the PSRK equation in 

determining the density of liquid mixtures of CO2 and water at high pressure. Numerical results 

for both EOS are also compared to the experimental data in Teng, Yamasaki, Chun, and Lee [5]. 

Results for water-rich mixtures are shown in Fig. 10. 

 

Fig. 10 Comparison of liquid densities calculated using the PSRK & GHC EOS with 

experimental data of Teng et al. [5]. 

Fig. 11 shows a comparison of liquid density calculations for NaCl–water for three different 

molalities using the electrolyte PSRK (ePSRK; unfilled symbols) and GHC equations (filled 

symbols) with the experimental data of Chen, Emmet, and Millero [6]. The statistics associated 

with the comparisons shown in Fig. 11  
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Fig. 11 Comparison of liquid densities calculated by the ePSRK and GHC equations for 

NaCl–H2O at various molalities with the experimental data of Chen et al.[6].  

Fig. 12 provides a comparison of numerical results for LLE computed, gives a phase 

diagram for the liquid–liquid region for CO2–water at 298.15 K and is similar to the one shown 

in Spycher et al. [7]. 

 

Fig. 12 A Comparison of LLE for carbon dioxide–water at 298.15 K predicted by the PSRK 

and GHC equations with the experimental data of Coan and King [8]. 

Fig. 13 provides a comparison of numerical results for LLE computed using the GHC 

equation with the experimental results of Koschel, Coxam, Rodier, and Majer [9] at 323.15 K. 

 

Fig. 13 A comparison of LLE for carbon dioxide–NaCl–water at 323.15 K calculated by the 

GHC equation with the experimental data of Koschel et al. [9]. 
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Fig. 14 shows a comparison of vapor–liquid equilibrium (VLE) for CO2–H2O at 298.15 K 

calculated by the PSRK and GHC equations. The VLE region is appended to the LLE shown 

in Fig. 12. Experimental data in the VLE region was taken from Coan and King [8]. Fig. 

14 clearly shows that the GHC equation outperforms the PSRK equation in the VLE region.  

 

Fig. 14 A Comparison of VLE and LLE for carbon dioxide–water at 298.15 K predicted by the 

PSRK and GHC equations with the experimental data of Coan and King[8]. 

Fig. 15 is a comparison of the VLE and LLE for a mixture of 30 mol% CO2 and 70 mol% 

NaCl–water at 373.15 K over a pressure range from 5 to 200 bar calculated by the GHC 

equation with the experimental data of Koschel et al.[9]. Two different aqueous salt solutions – 

1 and 3 molal solutions – were investigated.  

 

Fig. 15 A comparison of VLE and LLE for CO2–NaCl–water at 373.15 K predicted by the 

GHC equation with the experimental data of Koschel et al. [9].  

Fig. 16 shows a comparison of the VLE calculated by the GHC equation with the 

experimental data of Takenouchi and Kennedy (1964) at 473.15 K for pressures from 10 to 

500 bar. In general, the GHC equation matches the experimental data reasonably well. 

However, while the GHC equation does predict retrograde behavior, the region of calculated 

retrograde behavior is somewhat lower in pressure than indicated by the experimental data. 
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Fig. 16 A comparison of VLE for CO2–water at 473.15 K predicted by the GHC equation with 

the experimental data of Takenouchi & Kennedy[10]. 

CO2 solubilities in the water-rich phase in VLE predicted by the GHC equation at 200 bar 

over the temperature range 293.15–593.15 K are compared to the experimental data 

of Takenouchi and Kennedy[10] and Koschel et al.[9] in Fig. 17  

 

Fig. 17 Temperature behavior of CO2 solubility in water and 3 m NaCl–water at 200 bar 

predicted by the GHC equation and comparisons with the experimental data of Takenouchi and 

Kennedy [10] and Koschel et al. [9].  

Difficulties with using kij's are illustrated in Fig. 18 for computed and experimental LLE 

over a pressure range of 90–530 bar.  

 

Fig. 18 LLE for CO2–water at 298.15 K predicted by the GHC, PSRK and SRK+ equations 

with experimental data from Spycher et al. (2003).  
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3.  CONCLUTION AND DISCUSSION 

The critical difference between the GHC equation and all other cubic EOS is that it does not 

use phase equilibrium data to fit any parameters–either for UD at the molecular level or the 

energy parameter, a, and the molecular co-volume, b, at the bulk fluid phase level. It also does 

not correct for deficiencies using empirical correction factors like α-functions, acentric factors, 

volume translation, or kij's. This empiricism is unnecessary with the multi-scale GHC EOS 

flash approach.  
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