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Abstract: Based on the impact motion theory and rigid body motion theory of theoretical mechanics, 

this paper regards "concentric drum" as a rigid body and establishes a drum tilt model under 

isochronous conditions. Under the isochronous condition, we analyze the motion of the drum and 

determine the motion equation satisfied by the dip Angle of the drum. 
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model. 

__________________________________________________________________________________________ 

 

1. LAW OF MOTION OF RIGID BODY 

In the "concentric drum" project, it is impossible to control the timing and intensity of the team 

members' power precisely, and there is a certain error, so the drum surface may tilt.The theory of 

rigid body kinematics in theoretical mechanics can well determine the tilt Angle caused by rotation, 

thus helping us to adjust the project strategy reasonably. 

Refers to the rigid body movement and after the stress function, shape and size is changeless, and the 

relative position at various points within the same object. "concentric drums" as the main props of the 

project, in the process of the project can be regarded as rigid body. In 1830, Michel Chasles proved 

that the rigid body displacement with translation and a base points can be decomposed into an axis of 

rotation, and the rotation direction and the Angle is not dependent on the selection of basis points [1]. 

This is also known as the Chasles theorem.  

When a rigid body rotates on a fixed axis, there exists a rotational inertia 𝐽.relative to a certain axis. 

If 𝜌 is the mass density of a rigid body, d𝑉 is the volume element of the mass element d𝑚, 𝑟 is the 

distance between the mass element and the fixed axis,then the moment of 

inertia

𝐽 = ∫ 𝜌𝑟2d𝑉
𝑉  

It is easy to calculate the moment of inertia of a cylinder about its axis of mass 𝐽𝑐 = 𝑀𝑅2/2.  

According to the parallel axis theorem, if the axis moves in a parallel direction from the centroid axis 

𝐼𝑐  to any direction.Parallel transport in any direction, distance 𝑑, The moment of inertia about this 

axis will be 𝐼𝑐 + 𝑀𝑑2, As shown in fig. 1, the moment of inertia of the cylinder of 𝐼𝐷  around the edge 
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axis 𝐽𝐷 = 3𝑀𝑅2/2. In rigid body kinematics, the orthogonal axis theorem can help us determine the 

moment of inertia of the cylinder around the axis 𝐼𝑥  in fig1.  

𝐽𝑥 =
𝑀

12
(3𝑅2 + ℎ2)  

 

 
Fig. 1 Moment of inertia of the disk relative to different axes of rotation 

 

2. ESTABLISHMENT OF TILTING MODEL OF DRUM 

2.1 Problem analysis 

In drum playing, the timing and strength of the players cannot be exactly the same, so the drum 

surface may tilt.A drum can be regarded as a rigid body. According to Chasles' theorem, the motion 

of a drum can be regarded as a superposition of drum translational motion and rotation, while the tilt 

Angle of the drum surface is determined only by drum rotation. 

In order to describe the tilting model of the drum, we marked the 8 fixed points in fig. 2. Assumptions 

on the fixed point 8 𝐹 + Δ𝐹 to the size of the force, And if I apply a force of magnitude F to the other 

fixed points, As shown in fig. 2, according to the superposition principle of forces, we can regard the 

pull-drum movement as the superposition of two independent physical processes. 

For the first physical process, the ends of all the fixed points are subjected to a horizontal force of 

magnitude F.Because the fixed points are evenly distributed around the drum, the net force of the 

drum is zero in the horizontal direction, and the drum moves only in the vertical direction. 

 

 
Fig. 2 Superposition principle of drum motion 

 

For the second physical process,  the rope 8 end only fixed point by the size of Δ𝐹 horizontal force, 

force along the rope to the fixed point 8.As shown in fig. 2, the force on fixed point 8 is decomposed. 

The force extending the fixed point 8 to the periphery of the drum will cause the drum to move 

horizontally, and the force extending the fixed point 8 to the drum face upwards will cause the drum 

to rotate in a fixed axis with the line between fixed point 2 and 6 as the axis.  
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Combining with Chasles theorem, it can be concluded that the decomposition of these two physical 

processes exists. At the same time, the inclination Angle of the drum movement is generated by the 

fixed axis rotation in the second physical process. For drum playing under non-isochronous 

conditions, it can be regarded as the occurrence of the second physical process above before the 

occurrence of drum playing under isochronous conditions. 

2.2 The tilting model of the drum under isochronous condition 

Next, we consider the drum tilt model under isochronous conditions. Assuming that at the initial 

moment, the drum surface remains stationary and parallel to the horizontal plane, according to the 

analysis of the problem in 1.2.1, the tilt Angle of the drum surface after a period of time is only related 

to the fixed axis rotation in the second physical process in fig.10, so we only consider the second 

physical process. 

If only at the end of the rope fixed point 8 applying for Δ𝐹 to the size of the horizontal force, then 

by a formula of the fixed point 8 raised up the 

force

𝐹𝑢 =
Δ𝐹ℎ1√𝐿2−ℎ1

2

𝐿2 .  

Moment of 𝐹𝑢  𝑡𝑜 𝑎𝑥𝑖𝑠 𝐼𝑥  

𝑀 = 𝐹𝑢𝑟𝑥  

Where 𝑟𝑥  represents the distance between the force point and the axis of rotation.  let 𝑃 be the index 

set of the force point; 𝑟𝑥
𝑖 represents the distance between the rotation axes of the force point i ;, 𝐹𝑥

𝑖  

represents the force applied at the force point 𝑖 in the case of multiple force points, the formula should 

be rewritten as 

𝑀 = ∑ 𝐹𝑢
𝑖𝑟𝑥

𝑖

𝑖∈𝑃

 

The angular acceleration of a rigid body around this axis is set as, according to the rigid body rotation 

theorem in theoretical mechanics 

𝑀 = 𝐽𝑥𝛽  

The simultaneous formula is used to obtain the differential equation of the Angle �̅�of rotation. 

d2𝜃

d𝑡2
=

1

𝐽𝑥
∑ 𝐹𝑢

𝑖𝑟𝑥
𝑖

𝑖∈𝑃

 

The initial condition 𝜃(0) = 𝜃0 and �̅�′(0) = 𝜔0 can solve  

𝜃(𝑡) = 𝜃0 + 𝜔0𝑡 +
1

2
(

1

𝐽𝑥
∑ 𝐹𝑢

𝑖𝑟𝑥
𝑖

𝑖∈𝑃

) 𝑡2  

This is the isochronous tilting model of the drum. 
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